Abstract. The paper is devoted to the description of changes of the structure of the holomorphic automorphism group of a bounded domain in C n under small perturbation of this domain in the Hausdorff metric. We consider a number of examples when an arbitrary small perturbation can lead to a domain with a larger group, present theorems concerning upper semicontinuity property of some invariants of automorphism groups. We also prove that the dimension of an abelian subgroup of the automorphism group of a bounded domain in C n does not exceed n.
Introduction
Let D be a bounded domain in C n , and Aut(D) the automorphism group of D (the group of biholomorphic self-maps of D). It is well known that Aut(D) is a (real) Lie group. In this article we examine the following question. If a domainD is a small perturbation of D, what is the relation between Aut(D) and Aut(D)? The automorphism group of a domain is its group of symmetries, and a natural idea (coming from Euclidean geometry) is that "small perturbations may destroy symmetry, but never create symmetry". So, one expects that if a perturbation is small enough then automorphism groups will satisfy an upper semicontinuity principle: Aut(D) is isomorphic to a subgroup of Aut(D). In particular one would not expect an "increase" of the Aut(D) by arbitrarily small perturbations of D.
In the early eighties R. Greene and S.G. Krantz ([GK1] , [GK2] , [GK3] ) examined this question. They proved an upper semicontinuity result in the C 2 topology, and gave the first counterexample to the upper semicontinuity principle. In [Ma] , [FP] , [FMP] the semicontinuity question has been examined further for various other topologies. We also note here that in Riemannian geometry, results of this kind have been obtained by R. Palais [Pa] , D. Ebin [Eb] and K. Grove-H. Karcher [GKa] .
In this paper we summarize some of the results concerning upper semicontinuity of the automorphism groups in the topology induced by the Hausdorff metric on bounded domains in C n , and present new theorems and examples complementing those results. The paper consists of two parts. In the first part we collect counterexamples to the upper semicontinuity principle. In the second part we present theorems proving the upper semicontinuity property for some invariants of the automorphism groups, and state applications of these results.
1. Violations of the upper semicontinuity principle 1.1. A counterexample in the topology induced by the Hausdorff metric. Greene-Krantz in [GK3] proved the following upper semi-continuity theorem for the C 2 topology on domains in C n (see Theorem 2 in that paper).
Theorem 1.1. If D is a C 2 strongly pseudoconvex domain in C n that is not biholomorphic to the ball, then there exists a neighborhood of D in the C 2 topology, such that for any C 2 domainD in that neighborhood Aut(D) is isomorphic to a subgroup of Aut(D).
Below we present an example that shows that in the Hausdorff metric the above theorem will not hold. The example is in C. (Z k denotes the cyclic group containing k elements). Example 1.2. There is a bounded C ∞ domain D in C that is not simply connected, and such that for any neighborhood U of D in the Hausdorff metric there is a C ∞ domainD in U such that Aut(D) is not isomorphic to any subgroup of Aut(D). 1) is the open unit disk and all ∆ s are smaller non-intersecting closed disks, whose boundaries lie entirely in ∆. For a given 1 > ε > 0 fix a positive ε 1 ≤ ε and such that the set S = {z ∈ ∆ | Re(z) > −1 + ε 1 } contains all ∆ s . Suppose a natural number j > 1 is also given. We now choose a positive δ such that L(S) ⊂ B(1, 1/2 j ) where L is a Möbius transformation L(z) = z+a 1+za
Construction. B(z
, and a = 1 − δ. We observe
). One can verify that by construction
and since Aut(D j ) ∼ = Aut(M), Z j is isomorphic to a subgroup of Aut(D j ). Also the difference D \ D j ⊂ ∆ \ S and therefore the Hausdorff distance between D and D j is less than ε. If N ≥ 2 the group Aut(D) is finite. Since j could be chosen to be arbitrarily large, the statement has been proved. Remarks. The above construction works for any finitely connected domain: in any neighborhood of this domain and any integer j there is a domain whose automorphism group contains Z j . (One could compare this with Theorem 1.4 below). A similar construction can be done in C n for any n ≥ 1. As mentioned in the introduction, in [GK2] the authors provide a counterexample of the failure of upper semicontinuity in the C 1−ε topology (for any ε > 0):
and D 0 , each of which is C ∞ and strongly pseudoconvex except at one point, such that Aut(D j ) = {id} for all j ≥ 1, Aut(D 0 ) = {id}, and D j −→ D 0 in the C 1−ε topology, any ε > 0.
1.2.
Groups that act on a dense set of domains. Let H n be the metric space of all bounded domains in C n with the metric equal to the Hausdorff distance between boundaries of domains. In [FP] the following phenomenon is described: groups Z k act on a dense set of domains in H n . We present this in the following statement (follows from [FP] , Theorem 2.1): Theorem 1.4. For any positive integers n and k, the set of bounded domains in C n such that their automorphism group contains a subgroup isomorphic to Z k is everywhere dense in H n .
Remark. By examining the proof of Theorem 2.1 in [FP] , one can prove the above statement for the infinite discrete group Z: for any positive integer n the set of bounded domains in C n such that their automorphism group contains a subgroup isomorphic to Z is everywhere dense in H n . We will leave it to the interested reader to fill in the necessary details in the proof of Theorem 2.1 in [FP] and obtain the proof of this statement.
So, for any domain (even a rigid one, i.e. with Aut(D) = {id}) one can make a perturbation of less than a given size and obtain a domain with a large, even an infinite, cyclic group. The natural question arises: which Lie groups will a similar statement hold for? Below in this section we provide a positive answer for any finite group, and a negative answer for connected groups of positive dimension.
For any finite group the following statement holds. Let G be a group of order m < ∞ . Theorem 1.5. For any n ≥ m the set of bounded domains in C n whose automorphism group contains a subgroup isomorphic to G is everywhere dense in H n .
Proof. 1. Group G, as a group of order m, is isomorphic to a subgroup of the permutation group P m of m elements. It is therefore sufficient to prove the statement for the space C n and the group P m , which acts naturally on the unit ball of C n (and on the entire C n ) by simply permuting the first m coordinates.
2. Any H n neighborhood of a given bounded domain in C n contains a bounded domain which is a finite union of open balls. This follows from the definition of a domain as an open connected set.
3. Let D be a domain which is a finite union of open balls, and U a neighborhood of D. Consider the smallest ball B 1 in C n that contains D. By using first a linear transformation L we can map B 1 onto the unit ball B = B(0, 1) and then by using an element M ∈ Aut(B) we can assure that the points p, q: p = (1, 0, ..., 0), q = −p, both belong to the boundary of the image (M • L)(D). Now by adding to this image small portions of the unit ball near p, q we proceed to construct a domain
for some positive δ, and (2) for the biholomorphic transformation F = L −1 • M −1 the following holds: F (D 1 ) ⊂ U. 4. All that's left to prove is that the theorem holds for a domain D 1 with the above property: D 1 is a subset of B that contains full open δ-portions of B near the points p, q. Let U 1 be an ε > 0 neighborhood of D 1 in the metric space H n , we may assume ε < min(δ, 1/8). Now we choose a positive α < 1 such that T (S) ⊂ B(p, ε), where S = {z ∈ B | |z − q| ≥ ε/2}, T is the following automorphism of the unit ball
To improve the above theorem we now discuss the following. If G is a subgroup of Aut(D), can one make a perturbation of D within a given neighborhood, so that the resulting domain has automorphism group isomorphic to G? The following lemma gives a partial answer to this question for a finite subgroup. Lemma 1.6. Let D be a bounded domain in C n without isolated boundary points. Let G be a finite subgroup of Aut(D). Then for each neigh-
Proof. For a set X ⊂ D, the orbit of X with respect to G is denoted
. For an automorphism g ∈ Aut(D), we denote by S g = {x ∈ D|g(x) = x} the set of fixed points for this automorphism. For g = id the set S g is closed and nowhere dense in D. We choose now a point x ∈ D\ g∈G,g =id S g . Then g 1 (x) = g 2 (x), for any two different
we choose x to satisfy this condition also. Denote by Θ(x, r) the ball in the Bergman metric on D with center x and radius r. Consider now a small δ > 0, and n + 1 points x j ∈ Θ(x, δ) different from x such that the following four conditions hold:
(1) all the pairwise distances (in the Bergman metric) between different images g(Θ(x, δ)), g ∈ G are greater than δ,
the points {x j } n+1 j=1 are in "general position", so that if any automorphism of D fixes these points, then this automorphism is the identity (see [FKK] ), and (4) all pairwise Bergman distances for the n + 2 points x, {x j } n+1 j=1 are different. 
We have (h −1 • g)(x) = x and, because of the positions of points
By examining the proof of Theorem 1.5, one can see that the domains constructed there had no isolated boundary points, and P m was a subgroup of their automorphism group. Therefore, by using the above lemma we get the following refinement of the theorem 1.5: Theorem 1.7. For any n ≥ m the set of bounded domains in C n whose automorphism group is isomorphic to G, is everywhere dense in H n .
As far as which Lie groups can be realized as automorphism groups of bounded domains: in [SZ] , [BD] it is proved that any compact Lie group can be realized as the group of automorphisms of a smooth strictly pseudoconvex domain, and in [TS] it is shown that any linear Lie group can be realized as the group of automorphisms of a bounded domain.
Theorems 1.4-1.7 show that arbitrarily small perturbation of a domain in H n may create a domain with a larger automorphism group. But, for all known examples, this group is discrete, so it is of dimension zero. The natural question arises: can small perturbation in H n create domains with larger dimensions of automorphism groups? Though we have a general theorem 2.1 (see also Corollary 2.2) stated later it is reasonable to give an example (using an argument completely different from the proof of the theorem 2.1) that shows that domains whose automorphism groups are connected and of positive dimension are not everywhere dense in H n .
Theorem 1.8. If D is a strongly pseudoconvex domain in C n with a discrete automorphism group, then there exists a neighborhood of D in the H n topology, such that for any domainD in that neighborhood Aut(D) is not a connected group of positive dimension.
In the proof we will use a non-negative invariant function h Q (z) defined on a bounded domain Q and introduced in [Fr1] . The function has the following properties.
• h Q (z) is invariant under biholomorphic transformations.
• h Q (z) is continuous.
• If h Q (z 0 ) = 0 for some z 0 ∈ Q, then Q is biholomorphic to the unit ball of C n .
• For a strictly pseudoconvex domain D, h D (z) → 0 as z approaches the boundary.
If the statement does not hold, then there is a sequence {D j } converging to D in the topology induced by the Hausdorff distance such that Aut(D j ) is connected and has positive dimension. Since h D j → h D and h D j is constant on X j = Aut(D j )(z 0 ), the orbit X j does not intersect K for large j. It follows that X j ⊂ U + ∪ U − . Since X j is connected, X j ∩ U + or X j ∩ U − is empty. But z 0 is in the former, so the latter must be empty. Therefore, X j ⊂ W for large j. By Corollary 4.1 in [FP] , Aut(D j ) is isomorphic to subgroup Aut(D), which is a contradiction. Construction. Let ∆ denote the unit disc in C. Let Q j = {z ∈ ∆ :
2. The domains D j and D are bounded and pseudoconvex. 3. We now prove that Aut(D) ∼ = R. Let F ∈ Aut(D). On each fiber (z, ·), F is bounded and has an isolated singularity, so F extends to be an automorphism of Q × ∆. Thus, F has the form F (z, w) = (f (z), g(w)), or F (z, w) = (g(w), f (z)). For both cases, one has, by the definition of D, that
. The second case is impossible, since f (Q) = ∆, g(∆) = Q, and f (Q) = g(Q) with lead to a contradiction that ∆ coincides with a subset of Q. Therefore, F has the form F (z, w) = (f (z), g(w)), where f ∈ Aut(Q), g ∈ Aut(∆). By (*), f = g| Q . Let φ(w) = −i(w +1)/(w − 1). Then φ is a biholomorphic map from ∆ to the upper half-plane Π = {ζ ∈ C : Im(ζ) > 0}, and φ(Q) = Λ ≡ {ζ ∈ C : 0 < Im(ζ) < 1}. Now φ • g • φ −1 is an automorphism of Π, and its restriction to Λ is an automorphism of Λ. Thus φ•g•φ −1 (ζ) = ζ +t for some t ∈ R. It follows that Aut(D) = {F t : t ∈ R} ∼ = R, where F t (z, w) = (g t (z), g t (w)), and
4. In a way very similar to the above argument, one can prove that Aut(D j ) ∼ = S 1 for each j.
2.
Upper semicontinuity results in H n and applications 2.1. The upper semicontinuity result for dimensions of automorphism groups. In addition to the upper semicontinuity result of Greene-Krantz in the smooth topology in C n stated in the beginning of Section 1, there exist analogous positive statements in [FP] , [Ma] confirming the upper simicontinuity principle for domains in topologies different from the smooth topology; we will not restate them here. Instead we will focus on results in the H n topology. As pointed out in Section 1 the upper semicontinuity principle for the automorphism groups does not hold in H n , but the principle will be true for the dimensions of the groups. The following is the main semicontinuity result in [FMP] .
The reader is referred to [FMP] for the proof of this theorem. An immediate consequence is the following Corollary 2.2. For each k > 0 the set of all domains in H n whose groups of automorphisms have dimensions greater than or equal to k is closed and, therefore, nowhere dense.
Thus a domain cannot be approximated by domains whose automorphism groups have strictly larger dimensions. In the next section we present other consequences of Theorem 2.1 2.2. Approximation of domains and automorphism groups. We say that a domain D can be approximated by a domain M, if it can be approximated by biholomorphic images of M in the metric space H n , e.g. if any neighborhood of D (in H n ) contains a biholomorphic image of M. We call U a universal domain if any bounded domain in C n can be approximated by U; the existence of such domains was established in [Fr2] . The following statements are direct consequences of the Theorem 2.1. To complement this statement we provide the following Example 2.6. There exist two pseudoconvex domains D 1 , D 2 in C n , such that each can be approximated by the other (in H n ) but their automorphism groups are not isomorphic.
Construction.We will extensively use a universal domain D construction provided in [Fr2] . By examining that construction we note that D may be chosen to satisfy all three properties listed below:
(1) D does not have isolated boundary points. (2) D can be chosen as D = B\S, where B = B(0, 1) and S is a closed set, S ⊂ B(p, 1/4), p = (1, 0, ..., 0) (see Lemma 2.1 in [FP] to verify this property).
(3) If M ⊂ {z|Re(z 1 ) < 1/2}, and D\M is a domain, then D\M is also a universal domain.
We first prove our statement for n = 1, so we start with such a universal domain D ⊂ C.
1. Fix three points ζ 1 , ζ 2 , ζ 3 ∈ B(0, 1/2), such that all three pairwise Kobayashi distances in D between them are different. DefineĎ 1 = D\(ζ 1 ∪ ζ 2 ∪ ζ 3 ). Since any automorphism ofĎ 1 extends to ζ j , the choice of these points leads to Aut(Ď 1 ) = {id}. (see also [PL] 
3. Since bothĎ 1 ,Ď 2 are universal domains in C, they approximate each other, and the statement is proved for n = 1.
4. For any n > 1, consider
is the unit ball in C n−1 . One can now check that the statement will hold for D 1 , D 2 . This finishes our construction.
The automorphism group of any Reinhardt domain has at least dimension n, and therefore the class of biholomorphic images of Reinhardt domains is nowhere dense in H n ; moreover 
where v n is the volume of the unit ball in C n . It follows that for some positive constants C 1 , C 2 ,
Let g m j be the one-parameter groups generated by X m j . By Theorem 2.5 in [FMP] one can choose a subsequence {j k } such that g m j k converge, uniformly on compacta in D × R, to a one-parameter group g m (z, t), and X m j k converge to a vector field X m uniformly on compacta in D. Since
the closed group generated by g m (z, t), m = 1, . . . , k, is an abelian subgroup of Aut(D) of dimension at least k. Therefore, r(D) ≥ k.
The maximum dimension of Aut(D) for a domain D ⊂⊂ C n is n 2 + 2n. However the dimension of the abelian subgroup of any such automorphism group is much less, e.g. the following exact estimate holds.
Proof. Seeking for a contradiction suppose that r(D) = k > n. Let H be a connected k-dimensional abelian subgroup of Aut(D). Then H is isomorphic to T m × R k−m , 0 ≤ m ≤ k. Choose vector fields X 1 (z), . . . , X k (z) in the Lie algebra of H so that X 1 (z), . . . , X m (z) generate a subgroup Q of H isomorphic to T m , and X m+1 (z), . . . , X k (z) generate a subgroup of H isomorphic to R k−m . By the Slice Theorem in [Br] , there exists a z 0 ∈ D such that Qz 0 is diffeomorphic to T m .
Thus X 1 (z 0 ), . . . , X m (z 0 ) are linearly independent over R. Since k > n, there are complex constants a j = b j + ic j , j = 1, . . . , k, not all 0, such that
We now show that U(z 0 ) = 0. Suppose that U(z 0 ) = 0. Then V (z 0 ) = 0. Therefore, z 0 is a fixed point of the one-parameter subgroup generated by U. Thus that one-parameter subgroup belongs to a compact subgroup of H, hence b m+1 = · · · = b k = 0. Since X 1 (z 0 ), . . . , X m (z 0 ) are linearly independent over R, we see that
Let g u (z, t), g v (z, t) be the one-parameter groups generated by U, V respectively. Define a map f :
The above two equations, together with V (z 0 ) = iU(z 0 ), yield that V = iU on the image f (C). It follows that f is a nonconstant holomorphic map from C to D, contradicting Liouville's Theorem. Therefore, r(D) ≤ n.
2.4.
Is the characteristic number of Aut(D) upper semicontinuous on H n ? By Iwasawa's theorem (see [MZ, p. 188] ) the identity component of the group Aut(D) is homeomorphic to K × R k , where K is a maximal compact subgroup and k is the characteristic number of Aut(D). It is interesting to find out what happens with K and R k under small perturbations of domains. It seems to us that the characteristic number of Aut(D) is also semicontinuous in H n . Denote this number by char(Aut(D)). Below we make two remarks related to this problem.
At this time we can prove the following statement, that follows from Theorem 3.2 in [FMP] . We include the proof here for completeness. Remark. This statement shows that S 1 and R cannot be interchanged in example 1.9.
Proof. By the hypothesis there is a sequence {D j } of domains converging to D such that for each j, the identity component G j of Aut(D j ) is noncompact. Seeking for a contradiction, suppose that the identity component G of Aut (D) . This implies that ∂V ∩Aut(D)(z 0 ) = ∅. Since G j is noncompact, G j (z 0 ) is noncompact, hence G j (z 0 )∩∂V = ∅. It follows that for each j there is a g j ∈ G j with g j (z 0 ) ∈ ∂V . Some subsequence of the sequence {g j } converges uniformly on compacta to a g ∈ Aut(D). It is clear that g(z 0 ) ∈ ∂V , contradicting ∂V ∩ Aut(D)(z 0 ) = ∅. Therefore, G(D) is noncompact.
The example below (in C 3 ) shows that the proof of the possible semicontinuity theorem for the characteristic number cannot be expected to be done in a straightforward manner. As proved above, if a bounded domain D is a limit of bounded domains D j whose automorphism groups have closed one-parameter subgroups, that are non-compact (e.g. ∼ = R) then the Aut(D) also has such a subgroup. The example below shows however that it is not necessary for any such subgroup of Aut(D) to be a limit of any subsequence of the corresponding subgroups of Aut(D j ).
Example 2.12. There is a sequence {D j } of bounded domains in C 3 converging (in H 3 ) to a domain D such that Aut(D j ) ∼ = R for each j, and Aut(D j ) → G, G is a one-dimensional subgroup of Aut(D) and G ∼ = S 1 .
Construction. Let A = {z 1 : 1/2 < |z 1 | < 1}, B = {z 2 : ||Im(z 2 )| < 1}, Q j = Q j (z 1 , z 2 ) = {z 3 : z 3 ∈ A, z 3 = p j , q j }, where p j = p j (z 1 , z 2 ) =
